1.
Notations Perceived quality of brand j at time t for household i. The perceived quality is a normally distributed random variable which converges to the "true" quality as the consumer learns over her purchase history i.e.j t ij , → as ∞ → t t ij p , Price of brand j at time t for the household i. Since prices fluctuate over time due to sales promotions, this is a random variable till consumer discovers the "actual" posted price. Said differently, t ij p , is a random variable for the consumer at the consideration stage, but it is a deterministic variable (being the posted price of brand j at time t) at the choice stage. θ
The quality sensitivity of a randomly drawn household in the population. This is assumed to be a random draw from a gamma distribution with mean θ and variance 2 θ σ . This is also assumed to be the same across all brands for a given household.
θ
The mean quality sensitivity across all households in the population. This is assumed to be the same across all brands.
θ σ
The variance in the quality sensitivity across the entire household population.
The mean of the perceived quality belief of brand j at time t for the household i.
The analyst's probabilistic estimate of the mean of the perceived quality belief of brand j at time t for the household i.
, t ij ω σ
The variance of the perceived quality belief of brand j at time t for the household i.
, − t ij
λ Quality signal about brand j's quality received by household i from consuming the brand j at time t-1. This signal is assumed to be "noisy" so that Note that the consumer observes the realized value of this signal; however, from the analyst's perspective, it is an unobservable. 2 η σ Variance of the consumption signal that is assumed to be the same across all households and across all brands and across all purchase occasions. can be interpreted as the inverse of the uncertainty in the quality of brand j, at time t, for the household i. Value of the noise to information ratio, t ij, α , at t = 0. This is assumed to be the same for all brands and for all households.
SYMBOL EXPLANATION p j
Mean of the price distribution of brand j. This is assumed to be the same across all time periods and across all households. 
MODEL FORMULATION -ANALYTICAL DETAILS

Evolution of the Quality Perception for the Proposed Model:
We assume that the perceived quality of brand j on purchase occasion t for the household i, Further, we assume consumer can learn about the "true" qualities of brand j, j q , through the consumption experiences on prior purchase occasions. However, we assume that this mechanism only provides "noisy" signals of the "true" quality. The direct implication of this assumption is that the "true" quality does not get revealed completely after just one consumption-experience. We operationalize consumer learning about brand qualities through "noisy" consumption signals as follows.
Let
denote the quality cue associated with consumption experience in time t-1 by consumer i about brand j specified as follows:
In equation (A2.2), j q denotes the "true" quality of brand j. σ is a measure of the non-informativeness of the consumption experience and if either 2 η σ = 0, the consumer will get to learn the "true" brand quality from just one consumption experience.
Consider consumer i who might receive consumption signal about the quality of brand j between t-1 and t purchase occasions. Specifically, let , we can rewrite equations (A2.6) and (A2.7) as follows:
, and, (A2.8)
(A2.9) Equation (A2.8) characterizes the law of motion of the mean of consumer i's subjective quality beliefs about brand j as she receives the consumption signals of brand j. Note that the mean of the consumer's quality beliefs converges to the true quality j q as ∞ → t . In other words, after the consumer has observed the infinite sequence of random quality draws { } 
It is important to note that the consumer observes the realization of the random signals { } . In order to know the analyst's belief of j q at time t, it will be instructive to look at the elements in the analyst's and the consumer's information set at time t. The elements in the information sets of the consumer and the analyst are explained in Figure 1 .
Consumer i has quality beliefs { ω i1,t -1 ,…, ω ik,t -1 ,…, ω iN,t -1 } Consumer i selects brand j at t-1
Consumer i observes Consumption Signal
Updates her beliefs about ω ij,t-1 to ω ij,t ω ik,t-1, k ≠ j, remain unchanged
Consumer i has quality beliefs {ωi1,t,…, ω ij,t ,…, ω ik ,t ,…, ω iN,t }, 
Consumer i selects brand j at t-1
Consumer i has quality beliefs {ωi1,t,…, ω ij,t ,…, ω ik ,t ,…, ω iN,t },
Econometrician makes an evaluation of based on his knowledge of and recognizing that the consumer observes the realization λ ij,t-1
Econometrician predicts Brand Choice Probabilities
Econometrician observes {di1,t,…, dik,t,…, diN, t } RestrictionsRi,t apply Econometrician has evaluation of consumer i'squality beliefs
FIGURE 1: Sequence of Events and Information Sets
Note that in Figure 1 while the consumer observes the realization 1 , − t ij λ , the analyst does not.
Further note that the consumer gets to observe the realization 1 , − t ij λ after the analyst observes her brand choice in period t-1 {d i1,t -1 , …, d ik,t-1 , …, d iN,t-1 }. As we pointed out before, the observed brand choice at t-1 helps the analyst to make a more precise estimate of the mean of consumer's quality beliefs at t-1 i.e., { } 
. Further since we set 2 η σ = 1 for identification purposes, the signal 1 , − t ij λ received at time t-1 will be distributed as ( )
from the analyst's perspective at time
in equation (A2.9) we get the analyst's estimate of
Note that our approach outlined above for deriving the analyst's beliefs of
) is consistent with Jovanovic (1979) and Miller (1984) . 5 We can see from equation (A2.11) that conditional on
, the analyst's ex ante evaluation of the mean of consumer's quality belief at time r>t
. This implies that the analyst's ex ante estimate of the mean of the quality beliefs of brand j (conditional on
. This is not to say that ex post the analyst's evaluation of the mean of consumer's quality belief does not converge to j q as ∞ → t . It does because the analyst observes the sequence of consumer choices { } For estimation purposes, we assume that the means of the quality beliefs for all brands and for all the consumers at the beginning of their consumption history are zero. Also, we assume that the value of the precision of the subjective quality beliefs of all the brands for all the consumers at the beginning of their consumption history is 0 α . In other words, 0 
, and, (A2.12)
The first expression on the right hand side of equation (A2.12) is a normally distributed random variable. As discussed before, it is not subject to any restrictions as a result of the past sequence of choices. It captures the effect of the consumption signal received between time t-1 and t on the mean of the perceived quality of brand j. Note that the realizations of 1 , − t ij λ can take both positive as well as negative values. Thus, unlike the reduced-form operationalization of state dependence/brand loyalty (e.g., Guadagni and Little, 1983 ), the proposed model allows for both upward and downward shift in the consumer's intrinsic brand preference over her purchase history.
Formation of the Optimal Consideration Set for the Proposed Model --Consumer's Problem:
We assume that consumer i's (indirect) utility from brand j on purchase occasion t can be approximated as a linear function of brand j's perceived quality, t , ij q , and price, p ijt , as follows:
14) The parameter θ denotes the consumer's intrinsic preference for quality. This is assumed to be gamma distributed across the households with mean θ and variance 2 θ σ . For simplicity, we assume θ to be the same across the brands for a given consumer.
Based on the discussion in Section 2.1, the quality of the various brands,
∀ j, is a random variable. Further, at the consideration stage, consumer i does not know the posted price of any brand. The consumer first decides the brands whose posted prices on that purchase occasion she will search. The set of brands whose prices she searches is characterized as her consideration set. Note that prior to engaging in price search, the consumer is only aware of the distributions of the prices of all the brands in the product category; as such, the actual posted price of the brands is a random variable. Therefore, the indirect utility of brand j for consumer i on purchase occasion t (at the consideration stage), t ij U , , will be a sum of two random components: the subjective quality belief, given the inherent uncertainty in brand qualities, the consumer makes her consideration set as well as brand choice decision so as to maximize her expected surplus (indirect utility). Note that given these assumptions, the indirect utility of brand j at the consideration stage is an EV random variable with mean We assume that to search the posted price of brand j on purchase occasion t, the consumer i has to incur a certain search cost t ij C , . We further assume that the consumer adopts a fixed sample search strategy for searching the prices. Thus, her optimal consideration set, it k} { , is the set of all brands that maximizes the difference of the expected value of the utility maximizing brand at the consideration set and the total search costs for searching the prices of all the brands in that set. This can be written as follows:
If we assume the variances of the prices of all the brands (A2.20)
Here we have exploited the fact that the maximum of N EV random variables x j , j = 1 … N with the same scale parameter a and location parameters b j , j = 1 … N is also distributed EV with the scale parameter a and location parameter b that is related to the scale parameter a and location parameters b j 's (Johnson and Kotz, 1974) as follows:
, ~j abj a a EV Therefore, the expected maximum utility by selecting the utility-maximizing brand from the set {h} is given by . However, the analyst can only make a probabilistic estimate of the mean quality belief of brand j at time t (as represented by t ij, ω ). From the analyst's perspective,
ω is a sum of truncated normal random variables as given in equation (A2.12). It follows that the analyst can only make a probabilistic statement about the consumer's optimal consideration set. Specifically, to the analyst, the probability that any set it k} { is the optimal consideration set for consumer i on purchase occasion t is given by 
ω
-that correspond to consumption after the purchase in period t-1 -"do not have any restrictions on their state space" as a result of the choices made till t-1.
Consumer's Optimal Brand Choice for the Proposed Model:
At the brand choice stage, the consumer knows the actual posted prices of all the brands in her optimal consideration set it k} { . Note that the qualities of the brands in her consideration set still remain unknown (i.e. random variables). The consumer purchases the optimal brand it n that gives the highest expected indirect utility (consumer surplus) among all the brands in consideration set it k} { . Now, the expected utility for any brand j in the optimal consideration set (for the consumer i at time t) will be ( )
Note that in equation (A2.28), p t ij , refers to the actual posted price that the consumer, having engaged in price search, now knows for all the brands in her consideration set. Thus, the consumer's optimal brand on purchase occasion t will be
Derivation of the Choice Probabilities given the Optimal Consideration Set for the Proposed Model-Analyst's Perspective:
While making her optimal brand choice decision from the optimal consideration set, the consumer i knows deterministically the values of
for all brands j. So, the optimal brand it n is known deterministically. But again, the analyst can only make probabilistic estimate of the mean quality belief of brand j at time t (as represented by t ij, ω ). From the analyst's perspective,
is a sum of truncated normal random variables as given in equation (A2.13). Therefore, for the analyst, the probability that any brand r is the optimal brand (given the optimal consideration set it k} { ) at time t will be ( ) 
ESTIMATION ISSUES
Computation of Consideration and Choice Probabilities -Restrictions on
The probability that consumer i selects brand m on purchase occasion t is given by
Pr is the probability of {g} being the optimal consideration set and is given by equation (A2.24) and
is the probability that m is the utility-maximizing brand among all the brands included in the set {g}.
As noted earlier, while calculating the consideration set probabilities in equation (A2.24) or brand choice probabilities in equation (A2.30), we need to have a set of restrictions on the random variables
. Here {y} denotes the universal set of brands i.e. all the brands in the product category. These restrictions are needed because of the choice made by the consumer on purchase occasion t-1. We will represent these restrictions on the space of { }
. We discuss these restrictions on
Consider the case when brand
was bought at time t-1. We will have two sets of restrictions on the expected utilities of all brands at time t-1:
§ First, that the brand
was the optimal brand chosen from the optimal consideration set at time t-1; and, § Second that the optimal consideration set contained the brand 1 − it n . These two sets of restrictions can be formalized as follows. 
will be: 
is that the optimal consideration
This can be represented mathematically as:
We can summarize these two sets of restrictions into one set as:
In order to calculate the consideration probabilities in equation ( 
Details of the Estimation Procedure for the Proposed Model:
We have to estimate 11 parameters:
Mean Quality sensitivity parameter, θ ;
(ii) Variance of the quality sensitivity across the population, 6. These quality beliefs obtained from the initialization sample are used as prior beliefs for the first purchase observation for the household in the estimation sample. 7. These quality beliefs obtained from the initialization sample are used as prior beliefs for the first purchase observation for the household in the estimation sample. 
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